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1. Introduction 



In this paper we study the interaction between the electomagnetic field and 
the wave function related to a quantistic non-relativistic charged particle, that is 
described by the Schrodinger equation. 

In [2, 3, 11] it has been studied the case in which the electromagnetic field is 
assigned. Here we shall assume that the unknowns of the problem arc both the 
wave function ijj = il'{x, t) and the gauge potentials — ip{x, t) and A = A{x, t) 
related to the electromagnetic fields E, H by the equations 

1 dA 

E = V^, H = V X A. 

c ot 

Such a situation has been studied by Benci and Fortunato (cfr. [5]) in the case 
in which the charged particle "lives" in a space region Q, which is bounded. Here 
we want to analyze the case in which f2 = IR^. Moreover we assume that there is 
an external field deriving from a potential —V{x). We consider the electrostatic 
case, namely we look for potentials ip and A which do not depend on time t : 

(p = (p{x), A = A(a;), a; e IR^, 

and for standing wave function 

ijjix, t) = u{x)e''^\ xeR^,teR, 

where a; e R and u is real valued. In this situation we can assume 

A = 0. 

It can be shown (cfr. [5]) that ip, u and u are related by the equations 

— Au — ipu — Vix)u = uju, in R^, 
2 ^ ^ ^ ' (1) 

Aip = 4ttu^, in R^, 

where F : R^ — > R is a radial positive map, which is the potential of the external 
action. We shall assume: 



(Vi) V is continuous in R^\{0}; 
(1/2) VeLi{{\x\<l}); 
(V3) lim V{x) = 0; 

|a;|— >+oo 

(14) lim x'^V{x) = +00. 

|a;|— >+oo 

Observe that the coulumbian potential, that is the most physically interesting one, 
satisfies (Vi), {V2), {V3) and {V4) (cfr. [13; 14]). 

The equations in (1) have a variational structure infact they are the Euler- 
Lagrange equations related to the functional: 



= - /" iVixpdx— - f (fiu^dx — / |V(/?p(ix— - f V{x)u^dx—'^ f \u\'^dx, 

4 Jm.3 2 Jr3 Idtt 2 J ^3 2 J ^3 

this functional is strongly indefinite; this means that is neither bounded from 
below nor from above and this indefinitness cannot be removed by a compact 
perturbation. Moreover does not exibit symmetry properties. By a suitable 
variational principle we are reduced to study an even functional which does not 
exibit the same indefinitness of F^ . The main result of this paper is the following. 



Theorem 1 Let V satisfy (Vi), {V2), {V3) and (V4) then for all u < 
problem (1) has infinitely many solutions {(itfe? <^fe)}feeN with G H^{M.^), 

'V(pk\^dx < 00 
and such that F^{uk,(fk) < ~7r- 

3 

The case in which V is radially decreasing and belongs to Lp(M^), with - < p < 00, 
is investigated in [9, Capitolo 6] and the nonlinear case is studied in [10]. Finally we 
recall that the Maxwell equations coupled with nonlinear Klein-Gordon equation 
and with Dirac equation have been studied respectilvely in [6; 12]. 
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2. The Variational Principle 



In this section we shall prove a variational principle which permits to reduce 
(1) to the study of the critical points of an even functional, which is not strongly 
indefinite. To this end we need some thecnical preliminaries. 

We define the space ©^'^(M^) as the closure of Co°(M^) with respect to the 
norm 

\\u\\x)i,2 



( / iVwprfa;) . 
The following lemma holds (cfr. [7, Theorem 2.4]): 

6 

Lemma 2 For all p e L^{R^)nL''{R^), with - < r < 2, there exists only one 

5 

(p e P^'^(]R^) such that A(p = p. Moreover there results 

< c(||p||ii + iipilio 

and the map p e L^(R2) n L''(M^) ^ = A~Hp) ^ ^^^'^(R^) is continuous. 

By Lemma 2 and Sobolev inequality, for any given u & (R^) the second equation 
of (1) has the unique solution 

For this reason we can reduce (1) to 

-]-/^u-At:{/^-'^u^)u-V{x)u = uju, in (2) 
Observe that (2) is the Euler-Lagrange equation of the functional 

J^{u) = \l \Vu\'^dx + 7r I |VA~^ti^prfa; - J / V{x)u^dx-^ j u^dx 
Now we set 

Hl{R^) := {u e H^{R^) I u{x) = u{\x\), x e R^}. 
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Since 

4r( [ \VA-\u + Xv)\'^dx) =-2/ {A-\\v)dx 
dX V J^3 / A=o J^3 

easly the following lemma holds. 

Lemma 3 For all u; there results: 

i) Ju is even; 

ii) is on H^{M?) and its critical points are solutions o/(2); 

iii) any critical point of J,^ | jjiq^s^ is also a critical point of J^j. 

3. Proof of Theorem 1 

We begin proving some lemmas. 

Lemma 4 Let V satisfy (Vi), {V2) and (V3) then for all 00 < the functional 
Ji^ is weakly lower semicontinuous in H^{M.^). Precisely 

ueH^R^)^ / \Vu\^dx-2uj I u^dx 

is weakly lower semicontinuous and 

u e Hl{B?) ^ / V{x)u^dx 

are weakly continuous. 

Proof. Let a; < O. By a well known argument the functional 

u e H^{R^) ^ / \Vufdx -2uj u^dx 
is weakly lower semicontinuous. 
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Prove that the functional 

is weakly continuous. We just have to observe that the operator 

is compact, infact by the compact embeddings of H^{M.^) (cfr. [8, Theorem A.F; 
16]) the operator: 

H^R^) -^-^ L^{W^)nL\R^)^Li{R^)nL''{R^) 

is compact and by Lemma 2 the following one 

A-i : Li{R^) n L\R^) V^^^{R^) 

is continuous. 

Prove that the functional 



ueH^iR'')^ / V{x)u^dx 



is weakly continuous. Let {uk} C H^{R^) and u e H^{R^) such that 

Uk^u weakly in if^(R^). 

Since 

Uk ^ u weakly in L^(]R^), 
there exists C > such that 

IkfclUs < C, < C. 

By (V's) for all e > there exists i? > such that 

\x\<R =^ < V{x) < ^ 



then 



/ V{x)uldx <e, / V{x)u^dx < e. 

J{\x\>R} J{\x\>R} 



(3) 



By the Sobolev inequality clearly 

ul weakly in (M^ ) , 



and by (Vi) and (V2) there results 

J{\x\<R} J{\x\<R} 

Then by the previous and (3) we can conclude 
So we are done.i 

Remark 5 Observe that only for 3 < n < 6 we are able to prove that the 
functional 

u e H^{W) ^ [ \VA-^u^fdx 



is weakly continuous by using the compact embedding results for radial solutions 
(cfr. [8, Theorem A. I'; 16]) and Lemma 2. 

Lemma 6 Let V satisfy (Vi), {V2) and {V3) then for all cu < the 
functional is coercive in H^(M.^), i. e. for all sequence {uk} C Hl{M.^) such 
that \\uk\\m +00 there results lim. J^^{uk) = +00. 

k 

Proof. Let u <0. Denote 

B' = {ue H^{R^)\\\u\\h^ = 1}. 
Let {uk} C HX^^) such that 

Ikfellni +00. 

Denote 

Uk = XkUk 
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with Afc e ]R and Uk & B' . We have 

Juj{uk) = OfcAfc + bkXl — CkXl + dkXl 

with 

ak = ] I \Vuk\'^dx e[0,h, bk = 7r I \WA-^ul\^dx>0, 

4 Jr3 4 7r3 

Cfc=^/ V{x)uldx>0, dk = ~j uldxe[^,~]. 
Observe that by Sobolev inequahty (Fi), (V2) and (V3) there results 

2cfc = / V{x)v^kdx + / V{x)u\dx < 

J{\x\<i} Aki>i} 



X >1 



where C > is the Sobolev embedding constant. Since u & 
J^3 \'S/A~^u'^\'^dx is weakly continuous and B' is bounded in H^{M.^) there 
exists a > such that fefe > > 0. Then we can conclude that 

lim Jt^(ttfe) = +00, 

k 

and so we are done. ■ 



By a well known argument by the two previous lemma the following holds. 

Lemma 7 Let V satisfy (Vi), {V2) and (V3) then for all to < the functional 
is hounded from below in H^{M.^). 



Lemma 8 Let V satisfy (Vi), (V2) and {V3) then for all ou < 
the functional J ^-^^^^^ stisfies the Palais-Smale condition, i.e. any sequence 
{uk} C H^{M.^) such that {Ju>{uk)} is bounded and Jui{uk) \ ^1(-r3) contains 
a coverging subsequence. 
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Proof. Let < O and {uk} C H^{R^) such that {Juj{uk)} is bounded and 
Jui{uk) I HifR3) ~^ ^' -^^^^^ observe that, by (hi) of Lemma 3, there results 



Juj I l/i(R3)(^) = Ji{u) = 0, 

then we can suppose 

J'M ^ 0. 

By Lemma 6 {uk} is bounded in lf^(]R^), passing to a subsequence there exists 
ueHliR^) such that 



Uk ^ u weakly in i7^^(M3). (4) 

Clearly there results 

J'M^Q. (5) 

We prove that 



By Lemma 4 and (4) there results 

\Vuk\'^dx — 2u I uidx = 



= 2{j^{uk), Uk) -Sn \VA-^ul\'^dx + 2 V{x)uldx 

^ -Stt / \VA-^u^\'^dx + 2 V{x)u^dx^ 

= / |VMp(ix-2a; / u^dx - 2{j'^{u), u). 
By (5) and since a; < the thesis is proved.^ 



Remark 9 Since for all cc; < O the functional J^i is bounded from below and 
satisfies the Palais-Smale condition there exists al least the critical level inf . 
The assumption (V4) helps us to obtain the multiplicity of the same ones. 
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Lemma 10 Let V satisfy (Vi), {V2), (Vs) and (14) then for all k e N\{0}, 
there exist a subspace Vk C H^{M.^) of dimension k and u > such that 

j {^\Vu\'^ -V{x)u^^dx<-v, 
for all w G Vfe n i?, where 



Proof. Let u a smooth map with compact support such that 
j \u\'^dx = 1, supp(m) C 52(0)\Si(0), 



where 



Denote 



and 



there results 



Bp{x) = [y e^^\\x-y\< p], xe R^, p > 0. 
ux{x) = A^w(Ax), A > 0, X e R^, 
Aa = S2(0)\Si(0), A>0, 
J \u\'^dx = J \ux\^dx = 1, supp('Ua) C ^A- 

By (Vi) we have 

/ {l\Vu,\^-V{x)ul)dx = J [x^'-\Vu\^-V{ly)dx< 

R3 M3 

<X^ f-lVul'^dx- inf V < X'^ [ -iVul^dx - mfV = 

M3 R3 

= A2|i|V^pdx-y(xA), 

R3 
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where xx belongs to the clousure of Ax and V{xx) = infK By (V3) and (V4) 
there exists Aq > such that 

/ [l\Vux,\'-Vix)ul)dx<0. 

Let k G N\{0} and ui, U2, ■ ■ ■ , smooth maps with compact supports such 
that 

J \uifdx = 1, supp(tti) C B2i{0)\Bi{0), i = 1, 2, . . . , k. 

Using an analogous argument we are able to find Ai, A2, . . . , A^ > such that 

Vwi^. P - V{x)u'^^^dx < 0, i = l,2, k. 

Let 

< A < min{Ai, A2, . . . , A^} 

and Vk the subspace spanned by ui^, U2^, ■ ■ ■ , Uk^. Since the supports of this 
maps are pairwise disjoint I4 has dimension k. Since for all i = 1, 2, . . . , /c and 
A < Aj there results 

/ (^|v«,,|^-n^X) <0 

and Vfc n S is compact, the thesis is proved.! 




Lemma 11 Let V satisfy (Vi), {V2), (Vs) and {V4) then for all u<0 the 
functional has infinitely many critical points {wfc}fceN C H^(M.^) such that 



Proof. Let a; < O and denote 

c% = inf{sup J^(A)|A e A, 7(A) >k}, ke N\{0}, 



with 



A = {Ac I A closed, symmetric and ^ A} 
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and 7 is the Genus (cfr. e. g. [1, Definition 1.1]). We have to prove that < — ^ 
for all k eN. Let k e N\{0} , by the previous lemma there exist Vk C H^{R^) 
subspace of dimension k and i' > such that for all u E Vk H B there results 



J (^^iVul"^ -V{x)u^^dx < -u. 



Let A > and define 

hxiVkHB — > HX'^^), hx{u) = X^u. 
Fixed M e Vfe n S and < A < 1 there results 

Mhx{u)) < -^1/ + cA^ - |a < -^i/ + cA^ - |, (6) 



where c is a positive constant. Then there exists < A < 1 such that for all 
u E Vk n B there r( 
^ Vfe n S we have 



u E Vk r\ B there results J^{hx{u)) < — ^. Since is continuous, odd and 



h-xiVknB)eA. (7) 

Since Vkf] B is compact, (6) and (7) we have 

inf <c%< supJ^ih-xiVkDB)) < -|. 

By Lemma 8 (cfr. [15, Theorem 9.1; 4]) there exists {uk} C B sequence of critical 
points of such that Ju,{uk) = < So we are done.a 



Proof of Theorem 1 since 

F^(M,47^A-^^x2) = J^{u) 

for all a; e M and u e iy^(]R^), by Lemma 3 and the previous one the thesis is 
done.B 
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